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Abstract

The stronghead-tailinstability of a positronbunchmay be causedy wakefieldsarisingin the
electroncloudpresentn thebeampipe. Thesewakefieldsareknown to producebothdeflection
andtuneshiftvarying alongthe bunch. We discussa modelinvolving this tuneshiftaswell as
themachinechromaticityandtrans\ersefeedback.

Thanks to many colleaguesfrom KEKB, to H. Fukuma, K. Ohmi and F. Zimmermann
for collaboration.



Equations of motion

Thephotoelectrorloudis alreadypresenprior to arrival of thebunchwhosemotionis studied.
Linear equationdor the beamcentroidoffsety, (s, ¢), andelectroncloud centroidy. (s, t)
atthemachineazimuths atthetime¢.
Uniform longitudinaldensityassumedhn boththe electroncloud andpositronbunch

(%% + %) n(s:8) + kg un(s,t) = g (ye(s,t) — yo(s, 1)),

%y(:(s_/ t) = w? (yb(S, t) - yc(sa t)) :

Betatronoscillationsare taken in the smoothform with k&, = 1/, 5 beingthe vertical
amplitudefunction;
Thebeam-cloudnteractionparametey

4n.(mo,0,) € AT reoy,

-~ ymctoy(o, +oy)  (op+0y)

n. is thetime-averagecelectroncloud density

o, ando, aretheverticalandhorizontalbeamsizes,
e is theelectronchage,

m IS its restmass,

~v is thebeamLorentz-factor

c is thespeedof light,

r. IS theclassicaklectronradius.

Electronsof the cloud oscillatein the bunchspacechagefield with thefrequeny w.,
) AN r.c?
w, = .
V2rloy(o, +0y)

hereN is thebunchpopulationand! is its Gaussiadength.

Equationfor thebeamcentroidalone,

2

8 2 wC z . wc
@?J(Sv Z) +k y(S, 2) = g?/o dz' sin =

. (z —2")y(s, 2).

With a slow-varyingcomplex amplitudeA(s, z) of the betatronoscillation,
y(s,z) = ReA(s, z)e ™%,

afteraveragingoutthe A* termontheright-handside,

%A(s, 2) = 22%% /OZ dz' sin %(2’ —2') A(s, 2).
Thiscorrespond$o thebeambreakupproblemwith anoscillatingtrans\ersedipolewake func-
tion W(z — 2/),
Wiz —2") x gw—cl sin &(z - 2.
C C
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Decoheence.Parametrization of the wake function.

Non-uniformity of the positronbunchdensityresultsin thefrequeng spreadof the photoelec-
tron oscillationandthusdecoherencef theirresponseA very simpleestimate:

W (e, 2) — / W (wo(), 2) f(2)da
If we take a Gaussianf(z) = \/ge*‘ﬂ/?, we(z) = wee /4. Then,

~ [ [ 2
W(z) = gw_o/ sin <%6_w2/4) 1/—6_3””2/4dx
c Jo c T

Theresultcanbefitted eitherby theBessefunction J; (wyz/c), or by thebroad-bandesonator

wake _
Wi(z) = %éw/cﬁn %Za (2 <0), a= ;}_57 W = \/(")12?_70‘2
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Figurel: Thedecoherencwake (solid line) andthefitting function (dashedine). Left: fit by
the Bessefunction J; (wyz/c); right: fit by the broad-bandesonatowith @ = wy.

The correspondingrans\erseimpedanceas sampledby the long bunch spectrumin the
low-frequeng range(wgl/c ~ 3),

7 — CRS/Q NCRS W .
l_w < w2>NQwR QWR_Z'
— +1 WRp — —
Q WR

Thebroad-bandesonatoparameterselevantto theKEKB LER aredeterminedrom K. Ohmi’s
simulationsof the wake function.




Tablel: Basicparametersf the KEKB LER

particletype et
circumference 3016 m
beamenegy 3.5 GeV
bunchpopulation 3.3 x 1010
bunchspacing 8ns
rmsbeamsizes 0.42 mm
0.06mm
bunchlength 5mm
rmsenegy spread 0.0007
slippagefactor 1.8 x 10~
chromaticity 4/8
synchrotrortune 0.015
betatrontune ~46
averagebetafunction 15m

Table2: Analytically determinecbarametergor wake force inducedby electroncloud using
the resonatompproximation.Rs/Q in units of 2 is obtainedby cRs/Q x 30. Rs/Q, which
linearly depend®n p.., andw, areevaluatedfor p, = 102 m=3.

X y
w5 ] | 64x 100 | 1.70 x 1017
wp[s7!] 1.7 x 105 | 4.5 x 10°
cRs/Qm™2] | 1.5 x 10° | 2.9 x 10°

Table 3: Simulatedparameterdor the wake field inducedby an electroncloud of density
p. = 102 m~3, asobtainedy fitting to the resonatomodel.

X y
wrls™'] 8.7 x 100 [ 2.2 x 10™
Q 2.7 6.3
cRs/Qm™2] | 2.9 x 10% | 8.3 x 10°




Strong head-tail instability

Notationandformalismof thelinearizedVlasov equatiomanalysisfollow A. Chaos book:

N, is the numberof positronsin abunch,

p=(y) (8, 2') is the horizontal(vertical) dipole momentof particlesat 2/,

7 is theslippagefactor

0 is therelatve momentundeviation,

wa(y) = ¢/ Bu(y) is the horizontal(vertical)angularbetatronfrequeny in smoothapproxi-
mation,

¢ = 2 s the chromaticity

w, is theangularsynchrotrorfrequeng.

Thedistribution functioncanbe splitinto unperturbedermandperturbation

U =T, + Ve /e (1)

U, is expressedsia functionsof the unperturbednvariantsof motionfor eachdegreeof free-
dom,

\Ifo = wo(Q)QO()(T), Whel’e
q=/c*p2/wh, +y*,y=qcosl,p, = —wg,/cqsin g
r= \/7720252/%2 + 22,z =rcos¢, 6 = rw,/(nc) sin ¢.

The Vlasov equationis linearizedfor a small perturbationof the distribution function,
qjl(qv 97 r, ¢)

Q wp 8\111 Wg 8\111 —iQs/c (32 8\110 y o
[26\111 C(1+§5) 50 . 8¢]e Jrng 3 singF(z) =0, (2)

wherethe wakefieldactionis representety

F() = =2 [Wy(e = )pya(s. ) ©)

andp,, (s, z') is theverticaldipolemomentof particlesat 2’ for the perturbedlistribution ¥;.
Thesolutionshouldbeafunctionof ¢ andf with aform asfollows,

0¥, . ;
Uy o 8—06Z6 Z an fie (1),
q Ik

where fi. () belongsto a setof orthogonalfunctionswhich characterizeadial modesand
satisfythenormalization

/OOO K(7) fu(r) fue (r)rdr = O, (4)

whereK (r) is theweightfunctionof radialmodes It is relatedto the unperturbedongitudinal
distribution ¢ (r):
Ws

K(r) = Nnc

wo(r). (5)



The problemis reducedto a linear equationset, and €2 resultsfrom the corresponding
eigervalueproblem,

O —w
( ﬁ) Qi = Mlk,l’k’ Q! (6)
Thematrix M is expressedy
M. 10 = 167000 — i&il_l/ /Oo A (W/)g ’(wl — W )g’ ”(w/ — W ) dw, (7)
k1K 1 Okk Iy Towos . 1 1k ¢ )UK ¢

where - "

gk (w) = /0 rdrK(r) fi(r)J; (;7‘) , (8)
op/E

W = w+ wg + lws, andwe = Ewpg/n. Thechromaticphases y = weo/c = v

Thewake force entersvia its impedanceepresentation, °

nw) =i D2 mizfepyy (). )

-0 C

For given Rgs, @ andwp, thebroad-bandesonatoimpedances expressedy

Rs
Zi(w) =< . (10)
e )
R

For a Gaussiardistribution in the longitudinal phasespace the unperturbedistribution
functionandtheweightfunctioncanbewritten as

NUC 2 2 1 2 2
— " /2 K(r)y=——e" /%", 11
polr) = g K () = e (11)

Theorthonormakadialfunctionsarethe generalized.aguerrepolynomials

2mk! r g 1] r?
o v () (55): 2

then

|1 +2k
8([) wo _22/22 1 l>0‘
. — w o C . l — Y — Y 13
) R T (ﬂc) ’ O e <0 B

This corresponds$o the Hermitemodesof the dipole moment,

—z g z
py(z) oxe 2/2 2H|l|+2k <\/§U> , (14)

We considerazimuthalmodecouplingonly for two lowestradialmode(k = 0, 1).



The couplingmatrix consistf 4 blocks,

Lo + Moo Mo,
v — , , 15
( Mo low + Mpan )’ (15)

~ Nr. e(l)e(lf T ) L\ IR
My = —i——r e el /Zl(wwg) ~wa?/c? (W ) dw .
AmyTowsws \JRI(|1] + k)R] + &) V2c

The tune of eachmode (2 — w3)/w; is obtainedby solving the eigervalue problemfor
matrix M. Thefrequeny 2 = ws + lw, correspondso the +/th synchrobetatrosideband.
Thematrix hasinfinite dimensionbecaus®f —co < [ < co.

We truncatethe matrix at —4 < [ < 2, and calculatethe eigervaluesnumerically To
check-upthe corvergeng, we comparedvith thetruncationat —6 < [ < 4.

The eigervalueor tuneof eachmodeis computedasa functionof Rs/Q usingwgr and@
from K. Ohmi’s simulation.

Figuresshav the computedmodetunesvs R/ or the cloud densityp,., sinceRs/Q is
linearly relatedwith it.

The positive slopeof all the modetunesresultingfrom incoherenteffect of the electron
cloud (single-particlefocusing by the cloud) is equalin all the modes;it is ignoredin the
following figures.

The sum of decrementsfor a Gaussianbunch

The sumof eigervaluesis equalto thetraceof the modecouplingmatrix. Hencethe sumof
thesynchrobetatromodedecrements

Z ImQ = —
kl

Nr.c

o . d /R,, 7 ! 2’ ’
29Towpws [m wRelZy(w +w€)]kZngk(w)

For a Gaussiarbunch,

2 2/ w20_2 |l‘+2k
’ 7(41 o?/c

21> o) = Z Z kl( |l|+/~€ ( 2¢? )
k,l

l=—00 k=0

5 22
= e/ Zfz< )

- <<_

= e

1.
Sincewakefieldsarereal functionsof s, ReZ;(w) is an odd function of w with a vanishing
average.Thus,the sumof themodedecrementsy”, ; Iim(2, alsovanishes.



Effect of diffusion on higher-order head-tail modes

With the fast-oscillatingwake (or for a “long” bunch),the positve chromaticitycanstabilize
all the lower-order head-tailmodesup to modenumbers|i| + 2k < (wgro./c)?. However
theirdecrementsvill be compensatetly (small)incrementf alarge numberof higherorder
modesto give a vanishingsum. But thereis a reasorwhy the higherordermodesare of no
specialconcern.

In e + e— machinegquantumfluctuationsof the synchrotronradiationcausediffusionin
particle oscillations. Consider|l|, £ > 1, thenthe dipole momentis given by the Hermite
mode,

o i
py(2) o €727 Hyp oy <L> — cos ;Z for |z| < 0.

V20
In theabove, = |I| + 2k. The Greenfunctionof diffusionis
1 (2 —2')?
N J—
G(z,z)—2\/mexpl 1Dt

wherethediffusionconstantD ~ o2/, andr is theradiationdampingtime.
After ashorttime,t < w;!,

- o0 ZZ ZQDt _i?t/r
3o ~ [ )6 ) = cos Z exp [— - ] P (2).

Thus,while the incoherenblampinggivesT/Z, thediffusionsmeartime is even muchshorter
~ T/I%

A simple model of transversefeedback

A bunch-by-lunchfeedbackintegratesthe dipole momentover the total bunchlength(c =
5mm ) andappliesits proportionalkick after oneturn, with a tunablegain and phaseshift.
Thefeedbackkicker pulseis practicallyconstanbver this bunchlength. At KEKB 27v, < 1,
thusthe one-turndelaymaynot causea problemlikein LEP machine.

Assuminga perfectlylinear (no gain saturationandnoiselesseedbackhardware,we can
describdts actionby anequialenttrans\erseimpedance,

Zrp = gFBewFB(S(W)

wheregrp and¢rp arethefeedbaclkgainandphase.

The feedbackphaseparametercan be tunedto purely resistve, ¢z = /2, or purely
reactve, oz = 0, m, or mixedmode.

At zerochromaticity the feedbackonly actsuponthel = (0 mode;at positive chromaticity
higherordersynchrobetatromodesarealsoinfluenced.



SICIRSISISIS
WNFRORFPNWAN

|

1 1 1 1
AWNPFPOPRPDN
1 1 1
coo oo
WNPFPOEFN

1 1 1 1
NWNFPFORFPN
1 1 1
coo oo
WNPFRPORFEN

1 1 1 1
NWNFPORFPN
1 1 1
©coo oo
WNPFRPORFEN

0 1 2 3 4 5 O 1 2 3 4 5

Figure2: Head-taillmodetunesin units of the synchrotrontunevs
theclouddensityp, x 10~?m~3. Left: realpart,right: imaginary
part. Fromtop to bottom:the chromaticphases 0.0,0.125,0.25,
0.5;Q =1, I, = 0.52mA.
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theclouddensityp, x 10~?m~3. Left: realpart,right: imaginary
part. Fromtop to bottom: the chromaticphases 0.7, 1.0, 1.25,
1.5;Q =1, I, = 0.52mA.
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theclouddensityp, x 10~?m~3. Left: realpart,right: imaginary
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Combinedactionof the chromaticityandfeedback:the feedback
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0.52mA.
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Instability thresholdsvsthe wake and beamparameters

At zerochromaticitywe find themodeO and—1 couplingthresholdasafunctionof theelectron
oscillationfrequeng. Zotter's estimategivesherep,. « wywgro. inthewgr — oo limit.
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Figure 12: Thresholddensityof the electroncloud vs the wake frequeng for the 4 bucket
spacindfill pattern,atfixedbunchcurrentof 0.52mA.Q = 1
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Figure 13: Thresholdbunchcurrentl, ,;, vs the wake frequeng for differentfill patterns,
with clouddensitiegproportionalto thelinearchage density
I 4
=102 -3
P 0.52mA Ly,

Thresholdscalingparameter:
atwp = 2.2 - 10" theblowupthresholdscalesas~ %0/ L.,;
atwgp = 1.1 - 10! theblowup thresholdscalesas~ I}*"/ Ly,
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Mode Stability in the CoastingBeamLimit, wro./c > 1

Usuallyonetakesthe maximumof ReZ; to besurethatall the modesarestable.For the BBR
Winaz = Wg, thismeansReZ; (wr).

However, for our casewith low modenumbers] ~ 1, andic/o, < wg, thiswill yield too
stronga condition(sufficient, but not necessary).

Let ustake the coasting-beanimit conditionfor stability in its full form, seeEq. (6.263)
in Chaos book:

Ny N N r.c?
— —, - ReZ1(nwy + wg) < Ad| — nwgn + Ew
oo, o Ty 3 Tos 1(nwo + wp) | on + Ewgl

whereA¢ corresponds$o o/ FE for Gaussiarbunches.
Relatingthis coastingbeamsituationto the bunchedboeamparametersye replace

nwg — w of the mode
Ews/n — we, the chromatic frequency
cnAd/ws — o,, the bunch length

For thehigherordermodesthe accuratdreatmenby TMC theoryshows stability.
For thelower-ordermodes,/ ~ 1 — 2, wetake

we — (K wr)

O
andapproximategheimpedance
cRs w
ReZ, ~ —= ,
TQ Qup
thenneglectingw; < w, we obtainthe stability conditionfor the/th mode
Nr.c? Rs 1 .
27"‘0 CIig ! '1 Weo T
2yl wawso, Q Qi cl

wherey is thechromaticphase Notethatw? o« N,, /o, o< N, cRs/Q o p., andw,o, o 1.
Hence we cometo the scalingof thethresholdevel of the electroncloud density

Pein X NQIL+ /1], forl~1-2.

For thecasew ~ —wp, We approximate

chs @
Q wr

andarrive at somavhatdifferentstability condition,

R€Z1 ~

Nr.c> cRs Q
— < |1+ we/wgl|.
27T02wgwsaz Q u)]z% | ¢/wrl,
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whencethethresholdscalingis

C

Peth X %H + x |, forl ~wgo./c, i.e., the oscillation parameter.

WRO 2
In the saturatiorcondition, p.. «, < Ny tn/ Lsep-

For the oppositesituation,wro./c < 1, from the single-unchinteractionparametefve
find a differentscalingof theinstability threshold,

ZiNyJo. oc NE [0, Laep

Combination of Beam-Beaminteraction and Machine + eCloudImpedance

A precursowork by K. Cornelisfor thecaser, < 5%,
K. Cornelis,in Proc. 1994 ChamonixWorkshop,CERN ReportSL/94-06,p. 185(1994),
the setof synchrobetatromodeswasintroducedn thebeam-beansystem.

Two-streaminteraction of colliding bunchesmust be included wheno, ~ 5*.
Linear theory and simulation:

[1] E.A. Perevedentse, “Simplified theoryof the head-tailinstability of colliding bunches, in
Proc.1999Particle AcceleratorConf.,New York, 1999,vol. 3, p. 1521(1999).

[2] E.A. Pereedentse, “Possiblecoherentbeam-beaninstability of the head-tailtype; in
Proc.Int. Workshopon Performancémprovementof Electron-PositrorCollider Particle Fac-
tories, Tsukuba,1999,KEK Proceeding99-24,p. 171.

[3] E.A. Per&edentse andA.A. Valishey, “Simulation of the head-tailinstability of colliding
bunches” Phys.Rev. ST-AB 4, 024403(2001).

Experiment and simulation:

[4] I.N. Nesterenk, E.A. Pereedentse andA.A. Valishey, “Coherentsynchrobetatrobeam-
beammodes:experimentandsimulation”,Phys.Rev. E, this May.

Predictionsof the linear theory

1) Stability of all head-tailmodeswvhenimpedance= 0.
2) Impedance=- onsetof head-tailinstability of colliding bunchesthe phaseshift from head
to tail comesfrom the betatronphaseadvanceover the interactionlength; no threshold;the

growth rate
1 ngbAQcoh . *
T & ——————sin(20, .
T sin(20/6°)

3) Thechromaticitycanstabilizeonly someof themodes.
A 3D beam-beansimulationwith “soft” bunchess in orderto shav the limitation of in-
stability growth dueto the nonlinearbeam-beanforce.
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Conclusion

Thereis a numberof indirect evidencein favour of the single-lunchmechanisnof the LER
vertical blowup, suchasreasonablegreemenbf estimatedthresholdswith thoseobsenred,
scalingof the thresholdswith the bunchtrain parametersthe role of the chromaticityandits
estimatedraluesneededo stabilizethe blowup., etc.

However, directevidenceof the stronghead-tailinstability meanshat its signaturehave
to beobsened,suchas

1) “banana’oscillationsof the bunch <« streak-cameragptical detectorof coherentscil-
lationsbasedn afastphotodiode;

2) thesynchrobetatrosidebandspectrumwith its characteristidependencen currentand
chromaticity< gatedtune meterand Bunch Oscillation Recorderdatataken vs the relevant
machineparametershbunch currentand chage density synchrotrontune, chromaticity feed-
backsettingsshortandlong bunchtrains,etc.

Electroncloud pinching causeghe tune variationalongthe bunch; single-particleSBR’s
shouldbe keptin mind whenanalyzinganapparentinstability” by tracking.

Combinedactionof electroncloud andbeam-beanmnteractionmay presenta serioudimi-
tationof the high-luminosityperformance.
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